Abstract. We derive an equation that is analogous to a well-known symmetric function identity:
Introduction
Consider the power series f (z) = Given σ ∈ S n a permutation of [n] . A number i ∈ [n − 1] is called an ascent of σ if σ(i) < σ(i + 1). Carlitz, Scoville and Vaughan [5] proved that the number ω k in equation ( [i] q . Then the q-analogue of n k is n k q :
. For a permutation σ ∈ S n , the inversion statistic is defined by inv(σ) := |{(i, j) : 1 i < j n and σ(i) > σ(j)}|.
In the paper we will prove the following q-analogue of Carlitz, Scoville and Vaughan's result. Let D n denote the set {(σ, ω) ∈ S n × S n | σ and ω have no common ascent}. Then 
0 (z; q). The q-Bessel functions were first introduced by F. H. Jackson in 1905 and can be found in later literature (see Gasper and Rahman [6] ). The number of descending maximal chains W n (q) satisfies 1
, giving the coefficients of the reciprocal q-Bessel function a combinatorial meaning. We obtained our results through examining the Segre product of the subspace lattice B n (q) with itself and the representation of S n × S n on top homology of Segre product of the subset lattice B n with itself. Let us review the definition of the Segre product poset.
Definition 1.1. (Björner and Welker, [4] ) Segre products of posets: Let f : P −→ S and g : Q −→ S be poset maps. Let P • f,g Q be the induced subposet of the product poset P × Q consisting of the pairs (p, q) ∈ P × Q such that f (p) = g(q). Let S = N, the set of the natural numbers. When P is a pure poset with a rank function f = ρ, P • ρ,g Q is the Segre product of P and Q with respect to g, and we denote it by P • g Q.
One important fact about the Segre product poset, due to Björner and Welker [4, Theorem 1] , is the following: P • g Q is Cohen-Macaulay over field k provided that both P and Q are Cohen-Macaulay over k and g(Q) ⊂ ρ(P ) with g being a strict poset map. For our purpose, P and Q are the same poset (either B n or B n (q)), which is pure with a rank function ρ. Because of the Cohen-Macaulayness of B n • ρ B n and B n (q) • ρ B n (q), those posets are well behaved, which motivated us to investigate the representation of S n × S n on the homology of B n • ρ B n and related Whitney homology groups.
We observed that W n (q) is in fact the Euler characteristic of the Segre product poset B n (q) • ρ B n (q). Equation (1.2) gave us the first hint to an analogue of a wellknown symmetric function identity: for n 1,
i e i h n−i = 0. In section 2 we defined the product Frobenius characteristic map to serve as a useful tool in studying representations on S n × S n and proved a few properties of the map. Then using this tool we derived our symmetric function analogue in section 3 Theorem 3.1. In section 4, we present our initial finding, Theorem 4.7, the q-analogue to Carlitz, Scoville, and Vaughan's result. We show the relation of the Euler characteristic W n (q) with the representation of S n × S n on top homology of B n • ρ B n in Theorem 4.9. We recognize that, combined with Theorem 4.9, specializing the symmetric function analogue will recover the q-analogue to Carlitz, Scoville, and Vaughan's result. Finally in section 5, we provide an alternative proof for that result.
The product Frobenius characteristic map
The Frobenius characteristic map is often used to study a representation of the symmetric group. Here we define a product Frobenius characteristic map to help understand representations of S n × S n . Let us consider two sets of variables x = (x 1 , x 2 , ...) and y = (y 1 , y 2 , ...). Let R n be the space of class functions on S n and R = ⊕ n R n . Also Λ(x) = ⊕ n Λ n (x) and Λ(y) = ⊕ n Λ n (y) denote the the rings of symmetric functions in variables (x 1 , x 2 , ...) and (y 1 , y 2 , ...) respectively. Definition 2.1. Let χ be a class function on S m × S n . The product Frobenius characteristic map ch : R × R −→ Λ(x) × Λ(y) is defined as:
where χ(µ, λ) is the value of χ on the class (µ, λ) and p µ , p λ are power sum symmetric functions. The class (µ, λ) is indexed by a partition µ of m and a partition λ of n that tell us the cycle shapes of elements of S m and S n respectively.
The irreducible representations of S n × S m are of the form
and B (j) are each irreducibles of S n and S m respectively (Sagan [7, Theorem 1.11.3] ). A representation V of S n × S m can then be decomposed into a sum of irreducibles of 
Here and
The second equality comes from [7, Corollary 1.9.4] ).
Because the product Frobenius characteristic map is basically an extension of the usual characteristic map, we keep the notation ch for product Frobenius characteristic map even though ch was previously defined to be ⊕ n ch n in various literature (Sagan [7] , Stanley [10] ). The meaning of ch will be clear in the given context. Let V and W be representations of S m and S n with characters f and g. f ⊗ g is the character of V ⊗ W . Recall that the induction product f • g is the induction of f ⊗ g from S m × S n to S m+n . A fundamental property of the usual characteristic map is the following: 
Remark 2.4. Given V a representation of S m with character f and W a representation of S n with character g, let V = ⊕ i a i A (i) and W = ⊕ j b j B (j) be their decompositions of into irreducibles. It can be easily verified that the product Frobenius characteristic
We would like the product Frobenius characteristic map to be a homomorphism of rings as well. Given a S k × S l -module V with its character ψ and a S m × S n -module W with its character φ, ψ ⊗ φ is the character of V ⊗ W , which is a representation of (S k × S l ) × (S m × S n ). We want to produce a character of S k+m × S l+n . Definition 2.5. For ψ and φ as given above, we define the induction product ψ • φ to be ψ ⊗ φ ↑
Proposition 2.6. Assume given ψ a class function on S k × S l , and φ a class function on S m × S n . The product Frobenius characteristic map ch : R × R −→ Λ(x) × Λ(y) is a bijective ring homomorphism, i.e., ch is one-to-one and onto, and satisfies
Before proving this proposition, we need to first establish a lemma:
Proof. Suppose S k × S m < S k+m has coset representatives {s 1 , s 2 , ..., s q }, q = (k + m)!/(k!m!), and S l × S n < S l+n has coset representatives {t 1 , t 2 , ..., t r },
The second and fourth equalities come from [7, Theorem 1.11.2].
proof of Proposition 2.6.
n . For any σ k ∈ S k , σ l ∈ S l , ω m ∈ S m , and ω n ∈ S n , by Theorem 1.11.2 in the Symmetric Group (Sagan [7] ), we have
by Lemma 2.7. Now take the product Frobenius characteristic of both sides of the above equation. For clarity, we keep tracks of variables x and y. By Proposition 2.3 we get
A symmetric function analogue
Using the product Frobenius characteristic map, we arrive at our main result regarding a representation of S n × S n on the Segre product of the subset lattice B n with itself. We derived an equation that is analogous to a well-known symmetric function identity, see Stanley [10, equation (7.13)]: for n 1,
The thing to note is that the elementary symmetric function e i is the Frobenius characteristic of the representation of S i on the top homology of B i . Our theorem will give the Segre product B n • ρn B n version of this identity.
Theorem 3.1. For the subset lattice B n with rank function ρ n , let P n be the proper part of the Segre product poset B n • ρn B n . Write S n for the symmetric group on [n].
The action of S n × S n induces a representation on the reduced top homology of P n . Let ch( H n−2 (P n )) be the product Frobenious characteristic of this representation. Then
where h k 's are the complete homogeneous symmetric functions.
Proof. Let Q be P n ∪0, which is Cohen-Macaulay. We consider the Whitney homology of Q. The action of S n × S n on Q induces a representation of S n × S n on the reduced top homology of Q and its Whitney homology groups. From the work of Sundaram on Whitney homology (Sundaram [11, 12] , Wachs [13] ), we know that
Let x be a rank r element of Q. Then the stabilizer of x is the young subgroup (S r × S n−r ) × (S r × S n−r ). Viewing the Whitney homology groups as representations,
where Q r is the set of rank r elements in Q and Q r /(S n × S n ) is a set of orbit representatives (see Lecture 4.4 in Wachs' Poset Topology [13] ). The action of S n × S n on Q r is transitive. So the contribution of the rth Whitney homology to H n−2 (P n ) is the induced representation H r−2 (0,
Hence,
Now we would like to relate ch( H r−2 (P r )) with the product Frobenius characteristic of the representation induced to S n × S n . Let ψ r be the character of the (S r × S r )-module H r−2 (P r ). Write 1 Sn−r×Sn−r for the character of the trivial representation of S n−r × S n−r . When viewing H r−2 (P r ) as a (S r × S n−r ) × (S r × S n−r )-module, its character equals ψ r ⊗ 1 Sn−r×Sn−r (Sagan, 
It is known that the Frobenius characteristic of the trivial representation of S n is h n (Stanley [10] ). Multiplying both sides of equation (3.3) by (−1) n−1 , we get
Finally, we conclude that
Theorem 3.1 was motivated by our initial findings regarding the q-analogue of equation (1.1). Once we formulated the specialization of ch( H i−2 (P i )), the q-analogue can be retrieved by taking the stable principal specialization of equation (3.1) , y 2 , ...) . We take the stable principal specialization of f in each set of variables, that is substituting (1, q, q 2 , ...) for both (x 1 , x 2 , ...) and (y 1 , y 2 , ...). The product Frobenius characteristic of the S i × S i -modules H i−2 (P i ) are symmetric functions in two sets of variables. Then it is natural to ask what we can say about their specializations. It turns out that ps(ch( H n−2 (P n ))) has interesting relations with the Euler characteristic of the Segre product of the subspace lattice B n (q) with itself. Recall the definition of B n (q). Let q be a prime power and F q be the finite field of q elements. Consider the n-dimensional linear vector space F n q and its subspaces, then B n (q) is the lattice of those subspaces ordered by inclusion.
B n (q) is a geometric lattice whose every subspace is a span of its atoms (Stanley [9, Example 3.10.2]). It is graded with a rank function ρ(W ) = the dimension of the subspace W . Recall that an edge labeling of a bounded poset P is a map λ : E(P ) −→ Λ, where E(P ) is the set of edges of the covering relations x < · y of P and Λ is some poset. We can define a labeling of B n (q) in the following steps:
1. For a 1-dimensional subspace X of F n q (an atom of B n (q)), let x be a basis element of X. Let A denote the set of all atoms of the subspace lattice B n (q). We define a map f : A −→ [n], f (X) = the index of the right most non-zero coordinate of x. For example, in B 3 (3), if X = span of {< 1, 0, 1 >}, Y = span of {< 2, 1, 0 >}, f (X) = 3 and f (Y ) = 2.
2. For X any subspace of F n q , let A(X) denote the set of atoms whose span is X. Let Y be an element of B n (q) that covers X, then A(Y ) ⊃ A(X). Denote the set f (A(Y ))\f (A(X)) by L. Let ρ be the rank function of B n (q), which is defined by the dimensions of the subspaces. Since ρ(Y ) − ρ(X) = 1, the set L is a subset of [n] and has exactly one element. This element will be the label of the edge (X, Y ).
A maximal chain c = (
1). A chain c is then associated with a word
If λ(c 1 ) lexicographically precedes λ(c 2 ), we say that c 1 lexicographically precedes c 2 and we denote this by c 1 < L c 2 . Next we recall the definition of an EL-labeling of a poset: Proof. Edges in the same chain cannot take duplicate labels since F n q is n-dimensional and any maximal chain must take all labels in {1, 2, . . . , n}. Let [X, Y ] be a closed interval in B n (q). All maximal chains of [X, Y ] will take labels from the set L = f (A(Y ))\f (A(X)). Let 0 < a 1 < a 2 < · · · < a l n be all the elements of L. For each i,
Since there is only one way to arrange the a i 's increasingly, c satisfies definition 4.1 condition (1).
Suppose there is another maximal chain c
. Let k, 1 k l, be the smallest integer such that b k = a k . We know that b k must be in L and b k = a 1 , a 2 , . . . , a k . Also a 1 , a 2 , ..., a k are the smallest k elements of L arranged increasingly. It follows immediately that b k > a k . Therefore condition (2) in the above definition is also satisfied.
Under this EL-labeling, each maximal chain of the subspace lattice B n (q) can then be identified with a permutation σ of S n . See section 1 for the definition of inversion statistic inv(σ).
Lemma 4.3. The number of maximal chains of
Proof. Let σ ∈ S n , for each 1-dimensional subspace of F n q , we can take the vector whose right most non-zero coordinate is 1 as its basis element. For each i ∈ [n − 1], let inv(σ(i)) denote the number of pairs (i, j) such that 1 i < j n and σ(i) > σ(j). The number of ways to choose an atom W 1 such that the edge (0,
and v i the basis element of V i . The vectors v 1 , v 2 , ..., v k−1 are linearly independent hence form a basis of W k−1 . In order for the edge (W k−1 , W k ) to take label σ(k), W k needs to be the join of W k−1 and an atom whose basis element, call it v k , has 1 on the σ(k)th coordinate and all 0's after the σ(k)th coordinate. Then v 1 , v 2 , ..., v k will form a basis for W k . So we need to find the number of ways to choose a v k that each results in a distinct W k .
The vector e k =< 0, ..., 0, 1, 0, ...0 > who has 1 on the σ(k)th coordinate and 0 everywhere else certainly is a choice for v k . For each j, such that 1 k < j n and σ(k) > σ(j), the σ(j)th coordinate appears before the σ(k)th. W k−1 has no vectors whose right most non-zero coordinate is the σ(j)th, so varying the σ(j)th coordinate of e k will produce new vectors that are not in the span of {v 1 , ..., v k−1 , e k }. There are inv(σ(k)) choices for j, and for each j, there are q choices for the value of the jth coordinate. Each choice will produce a different v k thus a different W k . Therefore for any given chain 0 < · W 1 < · ... < · W k−1 assigned label σ(1)σ(2)...σ(k − 1), there are q inv(σ(k)) choices for W k such that the edge (W k−1 , W k ) takes label σ(k). Hence the number of maximal chains assigned label σ is
The following theorem from Björner and Wachs is essential to connecting the permutations of S n with the Segre product poset B n (q) • ρ B n (q): Now consider the Segre product of B n (q) with itself. Denote the proper part of the Segre product by P n (q). Using the labeling of B n (q) described right before definition 4.1, the Segre product of B n (q) with itself admits an edge-labeling in which the labels are ordered pairs from the poset
(k, l) if and only if i k and j l. It is easy to verify that this labeling of B n (q) • ρ B n (q) is an EL-labeling. The descending chains are labeled with pairs of permutations with no common ascent. Given a pair of permutations (σ, ω), the number of descending maximal chains assigned label (σ, ω) is q inv(σ) · q inv(ω) from Lemma 4.3. Recall that D n denotes the set of pairs of permutations (σ, ω) ∈ S n × S n with no common ascent. Then we immediately arrive at the following proposition:
Proposition 4.5. Let W n (q) be the total number of descending maximal chains of
Remark 4.6. The Segre product poset B n (q) • B n (q) is the q-analogue of the Segre product poset B n • B n , agreeing with the formal definition of a q-analogue in R. Simion's paper [8] . She showed that the q-analogue of an EL-shellable poset is also EL-shellable. This particular EL-labeling of B n (q) • B n (q) provided intuition and a combinatorial interpretation for W n (q).
Theorem 4.7. Let P n (q) be the proper part of the Segre product poset B n (q) • ρ B n (q). Let n i q be the q-analogue of n i and W n (q) be the total number of descending maximal chains of P n (q). Then
Proof. The poset P n (q) is pure. By Theorem 4.4, P n (q) has the homotopy type of a wedge of (n − 2)-spheres, and its decreasing maximal (n − 2)-chains form a basis of the reduced (n − 2)-nd homology. Now we have W n (q) is the nth betti number of P n (q). The Euler-Poincaré formula [13, Theorem 1.2.8] gives us
where b i (P n (q)) is the ith betti number of P n (q). We know that the mobius number of a poset is the same as its reduced Euler Characteristic by the Philip Hall's theorem (Stanley [9, Proposition 3.8.6]), so equation 4.2 now becomes
However, P n (q) is Cohen-Macaulay which means all reduced homology groups other than the top one vanish (Björner [1] ). Thus µ Pn(q) simplifies to (−1) n b n (P n (q)), which is (−1) n W n (q) in our set up. We then have
On the other hand, by the definition of the möbius function,
, which is the product of two k-dimensional subspaces X 1 , X 2 of F n q for some k with 0 k < n. But the intervals [0, X 1 ] and [0, X 2 ] are isomorphic to the poset B k (q), hence µ(0, x) is just µ P k (q) (0,1), where . Therefore we have
where
, which is summed over all pairs of permutations with no common ascent, is the number of descending maximal chains of the Segre product poset B i (q) • ρi B i (q). 
Proof. See equation (4.3) in the proof of theorem 4.7.
Recall that P n is the proper part of the Segre product of the subset lattice B n with itself. The product Frobenious characteristic of the S n × S n -module H n−2 (P n ) has an innate connection with W n (q). The following theorem provides an equation that connects the stable principal specialization of ch( H n−2 (P n )) and the Euler characteristic W n (q).
Theorem 4.9. Let P n be the proper part of Segre product of B n with itself and S n the symmetric group. The action of S n × S n induces a representation on the reduced top homology of P n . Let W n (q) be the number of descending maximal chains of the Segre product of B n (q) with itself. For a symmetric function f in two sets of variables x = (x 1 , x 2 , . . . ) and y = (y 1 , y 2 , . . . ), the stable principal specialization ps(f ) specializes both x i and y i to q i−1 . Then
Proof. We will prove the proposition by induction. The base cases n = 2 and n = 3 can be verified by hand.
Assume that the statement is true for P i , i = 1, ..., n − 1. Now let us consider the reduced top homology of P n . Equation (3.1) gives us a way to express ch( H n−2 (P n )) in terms of Frobenius characteristic of smaller posets. That is (4.4) ch( H n−2 (P n )) = n−1 i=0 (−1) n−1+i h n−i (x)h n−i (y)ch( H i−2 (P i ))
Then we take the stable principal specialization of both sides of equation (4.4). We know from Stanley's Enumerative Combinatorics vol. 2 that ps(h n ) = n i=1 1 1−q i [10] . It follows from our induction hypothesis that ps(ch( H n−2 (P n ))) = Finally, using the identity involving the Euler characteristic W n (q) given in theorem 4.7, we obtain ps(ch( H n (P n ))) = W n (q) n j=1 (1 − q j ) 2 .
Carlitz, Scoville and Vaughan's result and its alternative proof
In Carlitz, Scoville and Vaughan's paper 'Enumeration of pairs of permutations' [5] , they gave the coefficients ω k of the reciprocal of the Bessel function J 0 (z) a combinatorial explanation. They showed that ω k is the number of pairs of k-permutations with no common ascent. When letting q = 1 in our q-analogue (4.1), the subspaces of F n q simply become subsets of {1, 2, ..., n}, and W n (1) = (σ,ω)∈Sn×Sn 1 inv(σ)+inv(ω) , where (σ, ω) is a pair of permutations with no common ascent, is in fact ω n . Hence we obtained the above result from Carlitz, Scoville and Vaughan.
The proof of theorem 4.7 can also be easily adapted to an alternative proof of Carlitz, Scoville and Vaughan's result (1.1) by changing B n (q) to B n , using P n instead of P n (q) to denote the Segre product, and recognizing that the intervals in the alternating sum for the Möbius number of P n are isomorphic to smaller subset lattices B i 's. Carlitz, Scoville and Vaughan's proof in [5] included general cases where occurrences of common ascent are allowed. Our proof provides a less technical approach by utilizing Björner and Wach's work on shellability and poset homology [3] . 6 . Acknowledgements
